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Abstract
We show that for functions that are universal in the sense of Voronin’s theorem, some derived functions
automatically share a similar universality property. In particular, this holds for the Riemann zeta-function ζ
and we are thus able to state universal functions of the form F(ζ ).
c⃝ 2011 Elsevier Inc. All rights reserved.
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1. Introduction
Let O ⊂ C be an open set and denote by H(O) (resp. M(O)) the space of holomorphic (resp.
meromorphic) functions on O . For a compact set K ⊂ C we denote, as usual, by A(K ) the
Banach space of functions which are continuous on K and holomorphic on K ◦, endowed with
the supremum norm ‖·‖K . If we say that a function f is holomorphic (resp. meromorphic) on K ,
we always mean that there exists an open neighborhood U of K and a function F ∈ H(U ) (resp.
F ∈ M(U )) with F |K = f . We write H(K ) (resp. M(K )) for the set of holomorphic (resp.
meromorphic) functions on K . Finally, for an open set O and K ⊂ O compact we set
MK (O) := M(O) ∩ H(K ),
M⋆K (O) := { f ∈ MK (O) : f (z) ≠ 0, z ∈ K },
H ⋆K (O) := { f ∈ H(O) : f (z) ≠ 0, z ∈ K }.
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The famous theorem of Voronin [14] from the year 1975 states that the Riemann zeta-function
ζ(z) possesses a certain universality property in the strip D := {z ∈ C : 12 < Re(z) < 1}.
More precisely, Voronin showed that, in some sense, any non-vanishing analytic function can
be approximated uniformly by certain purely imaginary shifts of the zeta-function in D. This
remarkable result was strengthened later by Reich [11] and Bagchi [1,2], and the strongest known
version is given below in Theorem 1, where meas{A} stands for the Lebesgue measure of the set
A. For further studies of the Riemann zeta-function and its universality properties, we refer the
reader to, for example, [4,6,8,10,13].
Theorem 1. For every compact set K ⊂ D with connected complement, every non-vanishing
function g ∈ A(K ) and every ε > 0, we have
lim inf
T→∞
1
T
meas

τ ∈ [0, T ] : max
K
|ζ(z + iτ)− g(z)| < ε

> 0.
Thus, the set of approximating shifts has positive lower density. It is well-known that certain
derived functions of ζ possess the same universality property. For example, an easy consequence
of Theorem 1 is that the function 1
ζ
is universal; the same holds for the nth derivative (see [2]) or
the logarithmic derivative (see [7]) of ζ , where in both cases, it is not required that the function
being approximated is non-vanishing. In a very recent paper, Laurincˇikas [9] obtained a class of
continuous functions F : H(D)→ H(D) for which F(ζ ) is universal.
We shall be concerned with a similar problem in this paper, and prove in our main theorem
that certain functions, which we derive from functions that are universal in the sense of Voronin’s
theorem, automatically share a similar universality property. By repeating this procedure, we can
derive an infinity of universal functions from one single universal function. In particular, our
results hold for the Riemann zeta-function and we shall obtain mappings F : M(D) \ {0} →
M(D) such that F(ζ ) is universal.
2. The main results
First of all, we need some more definitions and notation.
Definition 1. Let G ⊂ C be a domain and suppose that λ ∈ C with |λ| = 1. We say that G is
striplike in direction λ if for every point z0 ∈ G and every τ ≥ 0, we have z0 + λ τ ∈ G.
Definition 2. Let G ⊂ C be a striplike domain in direction λ. We say that a meromorphic func-
tion φ ∈ M(G) is universal in G in direction λ if for every compact set K ⊂ G with connected
complement, every non-vanishing function g ∈ A(K ) and every ε > 0, we have
lim inf
T→∞
1
T
meas

τ ∈ [0, T ] : max
K
|φ(z + λ τ)− g(z)| < ε

> 0.
We say that φ ∈ M(G) is strongly universal in G in direction λ if the same holds for every func-
tion g ∈ A(K ). We denote by U(G, λ) (resp. US(G, λ)) the set of functions which are universal
(resp. strongly universal) in G in direction λ.
Thus, with the above notation, Voronin’s theorem states that the zeta-function is universal in (the
striplike domain) D in direction λ = i , that is ζ ∈ U(D, i).
Definition 3. Let G ⊂ C be a striplike domain in direction λ. We say that a mapping L :
M(G) \ {0} → M(G) is universal (resp. strongly universal) if for every function φ ∈ U(G, λ)
we have L(φ) ∈ U(G, λ) (resp. L(φ)∈ US(G, λ)).
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The following lemma gives conditions for a mapping L : M(G) \ {0} → M(G) to be (strongly)
universal.
Lemma 1. Let G ⊂ C be a striplike domain in direction λ and suppose that the mapping
L : M(G) \ {0} → M(G) has the following properties:
(i) For f ∈ M(G) and τ ≥ 0 we have L( f (· + λ τ))(z) = L( f )(z + λ τ).
(ii) We have L(M⋆K (G)) ⊂ MK (G) for every compact set K ⊂ G.
(iii) For every pair of compact sets K1, K2 ⊂ G with connected complements and K1 ⊂ K ◦2 ,
for every non-vanishing function g ∈ A(K1) and for every ε > 0 there exists a function
f ∈ H ⋆K2(G) with
max
K1
|L( f )(z)− g(z)| < ε.
(iv) For every pair of compact sets K1, K2 ⊂ G with connected complements and K1 ⊂ K ◦2 , the
mapping
L|MK2 (G)∩M⋆K1 (G) : (MK2(G) ∩ M
⋆
K1(G), ‖·‖K2)→ (A(K1), ‖·‖K1)
h → L(h)|K1
is continuous at each f ∈ H ⋆K1(G).
Then the mapping L is universal. If (iii) holds for every function g ∈ A(K1), the mapping L is
strongly universal.
Proof. Let a compact set K1 ⊂ G with connected complement, a non-vanishing function g ∈
A(K1) and an ε > 0 be given. Suppose further that we have φ ∈ U(G, λ), that L : M(G) \
{0} → M(G) is a mapping with the properties (i)–(iv) and that K2 ⊂ G is compact with con-
nected complement and K1 ⊂ K ◦2 . By property (iii), there exists a function f1 ∈ H ⋆K2(G) ⊂
H ⋆K1(G) with
max
K1
|L( f1)(z)− g(z)| < ε2 . (1)
By property (iv), we then may choose a number δ > 0 such that
max
K2
| f2(z)− f1(z)| < δ implies max
K1
|L( f2)(z)− L( f1)(z)| < ε2 , (2)
for each f2 ∈ MK2(G)∩M⋆K1(G). (Notice that property (ii) ensures that we have L( f2)−L( f1) ∈
H(K1).) Now we set
γ := min

δ,min
K1
| f1(z)|

> 0,
and as we have φ ∈ U(G, λ), and f1 ∈ A(K2) is non-vanishing on K2, we conclude that
lim inf
T→∞
1
T
meas

τ ∈ [0, T ] : max
K2
|φ(z + λ τ)− f1(z)| < γ

> 0.
We observe that for each τ ≥ 0 with maxK2 |φ(z + λ τ)− f1(z)| < γ , we obviously have φ(· +
λ τ) ∈ MK2(G). Furthermore, for each such τ , the function φ(· +λ τ) must be non-vanishing on
K1, since a zero z0 ∈ K1 ⊂ K2 would imply
| f1(z0)| = |φ(z0 + λ τ)− f1(z0)| ≤ max
K2
|φ(z + λ τ)− f1(z)| < γ
≤ min
K1
| f1(z)| ≤ | f1(z0)| .
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Thus, for each τ ≥ 0 with maxK2 |φ(z + λ τ)− f1(z)| < γ , we have φ(· + λ τ) ∈ MK2(G) ∩
M⋆K1(G), so that by (2) and property (i), it follows
max
K2
|φ(z + λ τ)− f1(z)| < γ implies max
K1
|L(φ)(z + λ τ)− L( f1)(z)| < ε2 .
Hence, we finally have
lim inf
T→∞
1
T
meas

τ ∈ [0, T ] : max
K1
|L(φ)(z + λ τ)− L( f1)(z)| < ε2

> 0,
which together with (1) proves that L(φ) ∈ U(G, λ), that is, L is universal.
If L satisfies property (iii) for every function g ∈ A(K1), a similar argumentation shows that
L is strongly universal. 
Thus, if we have a universal function φ ∈ U(G, λ), and if L : M(G)\{0} → M(G) is a mapping
that satisfies the assumptions of Lemma 1, then it follows that L(φ) ∈ U(G, λ). Of course, the
problem arises of how to find concrete mappings that are universal.
Theorem 2. Let G ⊂ C be a striplike domain in direction λ and consider a function φ ∈
U(G, λ). Let, further, n be a natural number. Then the following hold:
• We have φ′
φ
∈ US(G, λ) and φ(n) ∈ US(G, λ).
• We have 1
φ
∈ U(G, λ) and φn ∈ U(G, λ).
Proof. For i ∈ {1, . . . , 4}, we consider the mappings L i : M(G) \ {0} → M(G) with
L1( f ) := f
′
f
, L2( f ) := f (n), L3( f ) := 1f , L4( f ) := f
n .
By means of Lemma 1, we show that L1, L2 are strongly universal and that L3, L4 are universal,
which proves the theorem.
(a) Obviously, each L i satisfies the properties (i) and (ii) in Lemma 1.
(b) Consider compact sets K1, K2 ⊂ G with connected complements and K1 ⊂ K ◦2 and let
ε > 0 be given. If f is a function in A(K1), by Mergelyan’s theorem, there exists a polynomial
P with
max
K1
|P(z)− f (z)| < ε. (3)
Let Q1 be a polynomial with Q′1(z) = P(z) and consider the function g1(z) := eQ1(z). Then we
have g1 ∈ H ⋆K2(G), and since L1(g1) =
g′1
g1
= Q′1 = P , it follows by (3) that
max
K1
| f (z)− L1(g1)(z)| < ε.
Let Q2 be a polynomial which is zero-free on K2 and satisfies Q
(n)
2 (z) = P(z). We set g2(z):= Q2(z) ∈ H ⋆K2(G) and obtain
max
K1
| f (z)− L2(g2)(z)| < ε.
Consider now a non-vanishing function f ∈ A(K1). Then we can find a polynomial P1 which
is non-vanishing on K1 such that
max
K1
|P1(z)− f (z)| < ε2 .
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Since K c1 is connected, there exists a function F ∈ H(K1) with P1(z) = eF(z) for every
z ∈ K1. As the function F can be uniformly approximated on K1 by polynomials, we can find
a polynomial P2 such that
max
K1
eP2(z) − eF(z) = max
K1
eP2(z) − P1(z) < ε2 .
Thus, the function h(z) := eP2(z) is entire, zero-free and satisfies
max
K1
|h(z)− f (z)| < ε.
We consider the function g3(z) := 1h(z) . Then we have g3 ∈ H ⋆K2(G) and it follows that
max
K1
| f (z)− L3(g3)(z)| < ε.
Since the above function h is entire and zero-free, there exists a non-vanishing entire function j
with jn(z) = h(z). We set g4(z) := j (z) ∈ H ⋆K2(G) and obtain
max
K1
| f (z)− L4(g4)(z)| < ε.
Thus, the mappings L3, L4 satisfy property (iii) in Lemma 1, while L1, L2 satisfy this
property for every f ∈ A(K1).
(c) Consider compact sets K1, K2 ⊂ G with connected complements and K1 ⊂ K ◦2 , a func-
tion f ∈ H ⋆K1(G) and an ε > 0. We set d := dist(K1, K c2) and define
m f := min
K1
| f (z)| > 0, M f := max
K1
| f (z)| , M ′f := maxK1
 f ′(z) .
Furthermore, we set
δ1 := min

m f
2
,
m2f
2
1
M ′f
ε
2
,
m2f
2
1
M f
ε
2
d

, δ2 := d
n
n! ε,
δ3 := min

m f
2
,
m2f
2
ε

, δ4 := min
M f ,
ε
Mn−1f
n−1∑
k=0
2k

and suppose that for i ∈ {1, . . . , 4} the function gi ∈ MK2(G) satisfies
max
K2
|gi (z)− f (z)| < δi .
We show that this implies that maxK1 |L i (gi )(z)− L i ( f )(z)| < ε for every i ∈ {1, . . . , 4}.
i = 1: For each z0 ∈ K1 we have {z : |z − z0| ≤ d} ⊂ K2 ⊂ G and the function h1(z) := g1(z)−
f (z) is holomorphic on {z : |z − z0| ≤ d}. By Cauchy’s inequality we get for every z0 ∈ K1h′1(z0) ≤ 1d max{|z−z0|=d} |h1(z)| ≤ 1d maxK2 |h1(z)| < 1d m
2
f
2
1
M f
ε
2
d = m
2
f
2
1
M f
ε
2
,
and thus
max
K1
h′1(z) = maxK1 g′1(z)− f ′(z) < m
2
f
2
1
M f
ε
2
. (4)
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Since
max
K1
|g1(z)− f (z)| ≤ max
K2
|g1(z)− f (z)| < m f2 ,
it follows that
min
K1
|g1(z)| ≥ m f2 > 0. (5)
Thus, g1(z) is non-vanishing on K1 and according to (4) and (5), we may conclude that for
z ∈ K1
|L1(g1)(z)− L1( f )(z)| =
g′1g1 (z)− f
′
f
(z)

= 1|g1(z)| | f (z)|
g′1(z) f (z)− f ′(z) g1(z)
≤ 2
m2f
g′1(z) f (z)− f ′(z) f (z)+ f ′(z) f (z)− f ′(z) g1(z)
≤ 2
m2f
| f (z)| g′1(z)− f ′(z)+  f ′(z) | f (z)− g1(z)|
≤ 2
m2f

M f
m2f
2
1
M f
ε
2
+ M ′f
m2f
2
1
M ′f
ε
2

= ε,
and thus
max
K1
|L1(g1)(z)− L1( f )(z)| < ε.
i = 2: By an argumentation similar to that above we obtain for h2(z) := g2(z)− f (z) and each
z0 ∈ K1h(n)2 (z0) ≤ n!dn max{|z−z0|=d} |h2(z)| ≤ n!dn maxK2 |h2(z)| < n!dn d
n
n! ε = ε,
and thus
max
K1
|L2(g2)(z)− L2( f )(z)| = max
K1
g(n)2 (z)− f (n)(z) = maxK1
h(n)2 (z) < ε.
i = 3: A reasoning similar to that above shows that maxK2 |g3(z)− f (z)| < δ3 implies that g3
is non-vanishing on K1, and that for z ∈ K1 we have
|L3(g3)(z)− L3( f )(z)| =
 1g3(z) − 1f (z)
 = | f (z)− g3(z)||g3(z)| | f (z)| < ε.
It follows that
max
K1
|L3(g3)(z)− L3( f )(z)| < ε.
i = 4: We first observe that
max
K1
|g4(z)| ≤ max
K1
|g4(z)− f (z)| +max
K1
| f (z)| < 2M f .
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Furthermore, for z ∈ K1 we have
|L4(g4)(z)− L4( f )(z)| =
gn4 (z)− f n(z)
≤ |g4(z)− f (z)|

n−1
k=0
gk4(z)  f n−1−k(z)

<
ε
Mn−1f
n−1∑
k=0
2k
n−1
k=0
2k Mkf M
n−1−k
f
= ε,
and thus
max
K1
|L4(g4)(z)− L4( f )(z)| < ε.
Hence, by Lemma 1, we conclude that the mappings L1 and L2 are strongly universal, while
L3 and L4 are universal. 
Remark. (i) By Voronin’s theorem, we have ζ ∈ U(D, i). Thus, by Theorem 2, we immediately
get alternative proofs of the well-known results about the universality of ζ
′
ζ
, ζ (n) and 1
ζ
.
(ii) It should be noted that, beside the Riemann zeta-function, many other functions are known
to satisfy the assumption of Theorem 2; see for instance [5,13].
(iii) We further want to point out that our results remain valid in the case of discrete
universality, a concept introduced by Reich [12], where the shifts τ are restricted to arithmetic
progressions. Furthermore, it is easily seen that they can also be applied to so-called frequently
universal functions with respect to the mapping T1 with T1 f (·) := f (· + 1); see for example [3].
According to Theorem 2, certain functions derived from universal functions are universal.
Obviously, these derived functions satisfy again the assumption of the theorem, so that we
immediately can derive an infinity of universal functions from one single universal function.
We consider the mappings Fn : M(G)\ {0} → M(G) with F1( f ) := f ′f and Fn( f ) := (Fn−1( f ))
′
Fn−1( f )
for n ≥ 2. Then, for instance, we have the following.
Corollary 1. Let G ⊂ C be a striplike domain in direction λ and consider a function φ ∈
U(G, λ). Let, further, {Fn} be as above and suppose that n ∈ N, m ∈ N0. Then the following
hold:
• We have (Fn(φ))(m) ∈ US(G, λ).
• We have Fn(φ(m))∈ US(G, λ); in particular, we have φ(m+1)φ(m) ∈ US(G, λ).
• We have 1
φn
∈ U(G, λ), 1
φ(m)
∈ U(G, λ) and φ(m)
φ(m+1) ∈ U(G, λ).
In particular, this holds for G = D, λ = i and φ = ζ .
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